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Abstract 

We prove that if Lp is an analytic function bounded by 1 on the bidisk and r 
is a point in a face of at which Lp satisfies Caratheodory's condition then both ip 
and the angular gradient Vip exist and are constant on the face. Moreover, the class 
of all with prescribed ipir) and \Ip{t) can be parametrized in terms of a function 
in the two- variable Pick class. As an application we solve an interpolation problem 



with nodes lying on faces of the bidiskl]] 

1 Introduction 

We study functions in the Schur class ^2 of the bidisk B^, that is, functions analytic on 
and bounded in absolute value by 1, and in particular their behaviour on faces of 
B^. A face of is a subset of the topological boundary (9(D^) of having one of the 
forms {t^} X B or B X {r^}, where = 1 and B denotes the open unit disk in 

the complex plane C. Of course a function ip ^ S2 need not have values at all points of 
c?(B^), but it is known [HIT] that 99 has a nontangential limit at any point r G 9(B^) for 
which the Caratheodory condition 

liminfi^M^<oo (1.1) 
A^-T 1 - ||A|| 

holds, where 

||(A\a2)|| =max{|Ail,|A2|}. 

We shah say that r G 9(B^) is a B -point for if if condition (jl.ip holds. We denote the 
nontangential limit (explained in detail below) of 99 at a i?-point r by ^{t). 

The purpose of this paper is to show that \i (p ^ S2 has a i?-point r lying on a face 
of B^ then strong consequences follow: if |r^| = 1 then both ip and the angular gradient 
V(/? exist and are constant on the face, and in fact 



V(/9(cr) = (/?(r)rl 



for all a € {t^} x B, where a is the value of the liminf on the left hand side of inequality 
(jl.ip . Moreover, for any given r S T x B, the functions in 99 G ^2 having a S-point at r 
and prescribed values of <^(t) and V(^(r) can be parametrized in terms of a function in 
the two-variable Pick class. 
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In Section [2] we establish notation and introduce the notion of angular gradient for 
functions in the two-variable Schur and Pick classes. We also explain the notion of a 
model of a function in the Schur class and recall one property of models. In Section [3] 
we prove the constancy result mentioned above (Theorem 13. 2p . In Section H] we present 
the precise relationship between functions in the Schur and Pick classes given by the 
Cayley transform and thereby obtain an analog of Theorem 13.21 for the Pick class. In 
Section [5] we present Julia's reduction method for the Pick class, and in Section [6] we 
derive two parametrization results, Theorems 16.11 and 16.61 In Section [7] we apply our 
parametrization theorem to solve an interpolation problem. 



2 Notation and definitions 

We denote by 11 the upper half-plane {z G C : Im z > 0}. The one- and two-variable 
Pick classes, denoted by V and V2, are the sets of analytic functions on 11 and 11^ 
respectively with non- negative imaginary part. The one- and two- variable Schur classes 
S and 52 are the the sets of analytic functions on B and respectively that are bounded 
by 1 in absolute value. We denote the closure of a set S by S~ . 

We shall need the notion of nontangential approach. For a domain Q C C", a set 
S" C is said to approach r € dfl nontangentially if r € and 

IIA — t| 

is bounded for A € 5. 



dist(A,C"\Jl) 



The smallest c > 1 that bounds the above set is called the aperture of S. 

In one variable the Julia-Caratheodory Theorem [6l \7\ [12] tells us that a function 
(p & S has an angular derivative at any S-point r. More fully, if the Caratheodory 
condition holds (replace ||A|| by |A| in condition (jl.ip ). then 

(1) 93(A) tends to a limit fir) as A ^ r in any set that approaches r nontangentially; 

(2) the difference quotient {^p{X) — ip{t))/{X — r) tends to a limit (/?'(t) as A — )• t in 
any set that approaches r nontangentially; 

(3) 93' (A) — 7> 93' (r) as A — > T nontangentially; 

(4) the limit inferior in relation (jl.ip is equal to the lim inf along the radius A = rr, < 
r < 1, and is in fact a limit as r ^ 1. 

As we have mentioned, (1) remains true for the polydisk [U [1], and so 93 G ^2 has a 
value 93(t) E T at any i?-point r. However, the analogue of (2) is false in two variables: 
in general if (z S2 does not have an angular gradient at all its S-points (see for example 
Remark 13.141 below) . We are led to study those points r at which 93 does have an angular 
gradient. 

Definition 2.1. Let 93 e 52,r € ^(D^). 

(1) For S" C D^, r G S~ we say that 93 has a holomorphic differential at r on S if there 
exist uj,ri^,rf G C such that, for all X G S, 

^(X) =uj + 7j\X^- T^) + 7?2(a2 - t2) + e(A) (2.2) 
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where 

lim = 0. (2.3) 

\^T, Ae5 ||A — t|| 

(2) We say that t is a C-point for ip if, for every set S that approaches r nontangentially, 
if has a holomorphic differential on S and uj in relation ()2.2p has modulus 1 . 

(3) If T is a C-point for ip we define the angular gradient V(^(t) of (p at t to be the 

vector (^2^ ' where ip has holomorphic differential ()2.2p on some set that approaches r 
nontangentially. 

It is clear that, when r is a C-point for ip, the quantities uj,rj^,rj^ in equation (I2.2p 
are the same for every nontangential approach region S*, and so the definition of V'p{t) 
in (3) is unambiguous. 

An apparent drawback of the above definition of C-point is that a condition must hold 
for every set S that approaches r nontangentially. However, we showed in [3^ Remark 
8.12] that the condition need only be checked for a single suitable set S. 

Analogous definitions of C-points and angular gradients apply to functions in the 
Pick class V2- 

Our approach makes use of the notion of a model of a Schur-class function, as devel- 
oped in [3j. 

Definition 2.4. Let ip e S. We say that {M,u) is a model oi ip if M = © M'^ is 

an orthogonally decomposed separable Hilbert space and n : D'^ — )• is an analytic map 
such that, for all A,/u G D^, 

1 - ^^(A) = (1 - T?X'){ul uD + (1 - ^A2)(ni, ). (2.5) 

In equation (j2.5p we have written u\ for m(A), u\ = Pj^iU\, and u\ = Pj^2U\. More 
generally, if v € A^, we set = Pm^v and = Pj^2V. If A £ B^, we may regard A as 
an operator on M by letting 

\v = X^v^ + X^v'^ 

for V G M. 

Our methods depend on the fact that every function in ^2 has a model in the sense 
of Definition 12.41 as was proved in [2] . 

If (Al, u) is a model ol <p ^ S2 then we define the nontangential cluster set of the 
model at a S-point r of to be the set of weak limits of weakly convergent sequences 
u\„ over all sequences A„ that converge nontangentially to r in D^. Here is a simple but 
powerful consequence of the model relation (j2.5p . 

Proposition 2.6. Let r G T x D &e a B-point for 93 G ^2 and let {Ad,u) be a model of 
93. Then 

(1) %^Xr CM^; 

(2) there exists G T such that, for every x = G Xt and A G B^, 

1 -lJ(^(A) = (1 -7TA)(ni,x^). (2.7) 
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A detailed proof is given in [S', Proposition 4.2]. Nonemptiness of X^- follows from the 
fact that nA„ is bounded for any sequence (A„) in ID^ that converges to r nontangentially, 
while the relation (j'2.7|) is derived by substituting /i = /i„ in equation (j2.5|) for a suitable 
sequence converging to r and then passing to a limit. 

It is shown in [3, Corollary 8.11] that r is a C-point for ip if and only if is a 
singleton set; we denote the unique member of this set by Ut-. 



3 Facial i?-points 

A function (p £ S2 can have a S-point in 9(D^) \ T^, say at r € T x D; we shall call 
such a r a facial B -point for ip. Facial -B-points can arise in a trivial way, when ip is 
independent of A^, but can also occur non-trivially. Consider for example the rational 
inner function 

1 + Ai + A^-3AU^ 
= 3-Ai-A^-AiA^ - ^'-'^ 
ip is analytic and equal to 1 at every point of the face {1} x B of the bidisk, and so every 
point of this face is a C-point for ip. Likewise (/^ = 1 at every point of the face B x {1}. 
The example illustrates a general phenomenon. We shall denote by A the closed unit 
disk {2 G C : lz[ < 1}. 

Theorem 3.2. Lei r G T x B 6e a B -point for p £ 82- Then 

(1) every point of {t"^} x A is a B-point for p; 

(2) every point of {t"^} x B zs a C-point for ip; 

(3) ip is constant on {t^} x A; 

(4) Vip is constant on {t^} x B, with value 

Vp{a) = 'p{T)T^a for every a e {t^} X B (3.3) 

. = lin.inf'-|^WI 

A-^T 1 - A 



where 



Proof. Let {A4,u) be a model of p. By Proposition 12.61 since ]r^] < 1, there exists 
X G M and w € T such that = and 

l-uj^{X) = {l-^X'){u\,x') (3.4) 

and so 

1_|^(A)1 < |l-^v'(A)l < \1-^X'\ \{ui,x')\ (3.5) 

for all A € B2. 

(1) Consider any point a = (T^,cr^) G {r^} x B. Let 

= {{{l-t)T\a^) : < t < 1 - \a^\}. 
Sa approaches a nontangentially with aperture 1, and we have 

|1 -TiA^l = 1 - IJAIl (3.6) 
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for A € S'o-. By [3l Remark 5.6], for A € So-, 

IIuaII < 2[|x^||, (3.7) 
which, together with (|3.5p and (|3.6p . implies that 



'-^W='-^^<2\\.r (3.8) 
1- ||A|| |1-t1A1| - " " ^ ^ 

for ah A G Sfj. Hence o" is a i?-point for if. 

Now consider any point p S {t^} x T. For any r G (0, 1) observe that 

V,(i-)p2) = {((1 - (1 - Op') : < t < r}, 

and so in particular (1 — t)p G ^(t-i (i_j)p2). The bound (j3.7p is valid for all A € 
Uo-(={t-i}xD'S'(t and hence for A = {l—t)p. We therefore have the bound (13. Sp for A = {l—t)p 
which tends to p as t 0+. Hence p is a -B-point for ip. 

(2) According to [3l Lemma 8.10], the nontangential cluster set of u at any facial i?-point 
a comprises a single vector in A4, and so every facial -B-point is a C-point for ip. 

(3) Equation ()3.4p can be re-written 

(^(A) =uj + uj'^{X^ -T^){ui,x^). 

Consider a € {r^} x B. Substitute A„ for A and let A„ ^ o" in S'o-; by inequality (]3.7p . 
the second term on the right hand side tends to zero, and we find that 

(p[a) *== lim (p{X) = uj. 

. nt 

For p e {r^} X T we may substitute A = A„ = (1 — t„)/9 where tn — >■ 0+, and similar 
reasoning applies. Thus ip is constant on {r^} x A. 



(4) We prove that Vif is also constant. For any a = {t^,C), C ^ let 
By [3, Corollary 8.13] and the fact that = we have 



vHC) 



and hence 

Rr)r^??^(C) > for ah C G B. (3.10) 
The points (r^ — tr^, Q, < t < 1, approach a nontangentially, and so we have 

r/i(C)=^hm Fi(C) 
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where 

We claim that the functions Ft, < t < 1, are uniformly bounded on B. Indeed, by 
equation ()3.4p . 

(P{t^ - tT^X) - = -V2('^)*('"{rl-trl,C)'^^) 

and therefore 

\Ft{C)\ < |[a;^||. 

The set {(r^ — tT^,(") : < t < 1} approaches a with aperture 1, and so, by [3l Remark 
5.6], 

ll^^{Ti-tri,c)ll < 2||x^|| (3.11) 

and consequently |i*t(C)| ^ for < t < I, G B. Since the Ft are analytic in D, 

so is their pointwise limit r]^. In view of the positivity relation (|3.10p . it follows that tj^ 
is constant on B. By equation (13. 9p and [HI Theorem 5.10] we therefore have 

||n^||2 = ||iti||2 = ||^^|[2 ^ 

and so the constant value of V(/?((t) is given by equation (j3.3p . □ 

Corollary 3.13. //a function if ^ S2 has a B -point in T x B and another m B x T 
then ip takes the same value at the two B -points. 

For if r E T X B and cr G B x T are i?-points then the constant value of (/? on both 
of the closed faces must equal ip{T^, cr^). 

Remark 3.14. It is not the case that if if has a facial i?-point r € T x B then every 
point of the closed face {t^} x A is necessarily a C-point for if. A counterexample is 
furnished by the rational inner function 



2 - Ai - A2 • 

The face {1} x B consists of i?-points for ip, but the point (1, 1) is not a C-point for ^|;, 
and so Vtp{l, 1) is undefined. This example is analysed in [3l Section 6]. 

A modification of the proof of Theorem 13.21 vields a slightly stronger result. 

Proposition 3.15. Let r G T x B be a B-point for G ^2. For every model {A4,u) of 
if, for all a € {t^} xBi we have = Ur- 

Proof. Choose x G A4 as in the preceding proof. For G B let o" = {t^,C). We claim 
that — > as t — 0+. Indeed, n(^i_^^i (-) = u^^ts where 6 = {t^,0), and by 
[U Theorem 7.1], lio— 1<5 tends to a limit in the cluster set of u at o" as t — > 0+. Since 
o" is a C-point for ip, X^j comprises the unique vector Ua, which proves the claim. 

Consider the functions Q 1— )■ :B— >-A^, 0<t<l. It follows from 
inequality ()3.1ip that these analytic functions are uniformly bounded on B. Since they 
are also pointwise convergent on D to the function Q 1— > ""(,-1,^) = Ua, the latter map is 
analytic on B. By equation (j3.12p . \\ua\\ is constant on D. However, an analytic Hilbert- 
space- valued function / such that ||/(.)|| is constant is itself a constant function. Thus 
Iter is constant on {t^} x D. □ 
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4 The Cayley transform for S2 and V2 

The Cayley transform 

C : B ^ n and C \ {1} ^ C \ {-i} : A ^ i^-^ 

1 — A 

enables us to pass back and forth between S and V. The transform C also acts (co- 
ordinatewise) from to 11^. The relationship between properties of a function ip ^ S2 
and those of the corresponding function /i G 7^2 is straightforward, but not totally trivial, 
and so we summarize it here. 

The variables A G D, 2; G H will be related by z = C(A), so that 

Similarly, variables A G and z GiP are related co-ordinatewise {z^ = C{X^) etc). 

Let h £ V2 correspond to ip € S2, (p not identically equal to 1, under the Cayley 
transform, that is, 

, , , 1 + ip(X) , h(z) — i , , , 

where X,z are related by equations (|4.ip . We consider a i?-point r G 9(B^) for and 
we let X G 9(M^) correspond to r: 

1 -I- r-' • — i 
2;^ = i^^, = — , for j = 1, 2. (4.3) 

Let (p{t) = uj, so that |a;| = 1. Then h{x) = ^ where ^ G M U {00} is the transform of 
a; G T: 

1 - co 4+1 

We ask: what conditions on h, x correspond to r being a i?-point or a C-point of p, and 
what is the relation between V9j(t) and V/i(x) in the case that r is a C-point of ip? 

Let us assume that , and w are all different from 1 (else we may compose with 
rotations of the circle). It is then the case that and ^ are all real numbers (not 

00). By a straightforward calculation, 

1-|(/3(A)P Imh(z) b^' + ip 

— ■ max ■ 



1 - ||A||2 1/1(2) +i|2 j Im zi ■ 
Hgiic6 

r . r ■ f 1 \x^+i\nmh{z) ^, 

lim mf ,, J = lim mf ■; ^ max ■ ■. — — . (4.4) 

A^T 1-||AP z^x |^ + i|2 j Imz^ ^ ^ 

It follows that r is a i?-point for ip if and only if 

^ Im h(z) 

limmf — — < oo for j = 1, 2. (4.5) 

z^x Im 

We shall say that x G ^(M^) ig a i?-point for h £ V2 whenever the relation (14. 5p holds. 

Note that, for tGTxD, xGMxII, the limits inferior in equation (j4.4p occur for 
J = 1. Hence, if 

a Hm inf l^MM = inf (4.6) 
x-^T 1 - A x^T 1 - A^ 
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and 



n def v • r I™ K^) 

p = iim mi max — 

j Im 



then equation (14. 4p yields 



a 



+ i 



. . Im 

limmi T— 

Im 



/3. 



(4.7) 



(4.8) 



Now consider a C-point r for 93 € There exist uj G T and ry^^rf' G C such that 
equation (|2.2|) holds on any set S that approaches r nontangentially. Nontangential 
approach is preserved by the Cayley transform, and 

||A - t|| ^ <;4> \\z - x\\ 0. 

Let us rewrite equation (|2.2p in terms of the variables z, x and h. We have 

.1 + '^(A) 



Hz) 



1 - ipiX) 

.l+UJ + r]- (A-r) + o(||A-r||) 
1 - a; - 7? • (A - r) + o(||A - r||) 
l + (l + a;)-ir/-(A-r) + o(||A-T| 



l-(l-aj)-i7]-(A-r) + o(||A-r| 



e 1 + 



1 1 

+ 



1 + UJ 1 — UJ 



r?.(A-r)+o(||A-r| 



2e 



1-0;^ 



r7?.(A-r) + o(||A-r||) 



(4.9) 



as A ^ r in 5. Now 
A^' - 

as 2; — 7> x. Hence 



2i(z^ - x^] 



2i(z^ -x^] 



(zJ +i)(xJ' +i) {xi + iy 



+ o( z-x 



.7=1,2 ^ 



(z- 



(' _ 



x-^ ) + o( z — x\ 



as 2; 



x in any nontangential approach region. That is, x is a C-point for h, and 

1 



Vh{x) 



(l-a;)2 V(1-tW 



(4.10) 



In the case that r is a facial i?-point we have the following conclusion. 



Proposition 4.11. Let t £ T x O be a B -point for ip £ S2 and suppose that 7^ 
1, (p{t) 7^ 1. Then x € M x 11 given by equations (I4.3P is a C-point for h £ 1^2 given by 
equations (|4.2p . and 



Vh{x) 

where a is defined by equation (14. 6p . 
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For on combining equations p.3p and (j4.10p we find 



1\2 



(1 -tM 



1 



a 



There is of course a converse to tliis result, whicli we shall not spell out. 
We can derive a version of Theorem 13.21 for the Pick class. 



Theorem 4.12. Let x € M x 11 6e a B -point for h eV2- Then 

(1) every point of {x^} x 11^ is a B-point for h; 

(2) every point of {x"^} x 11 is a C -point for h; 

(3) h is constant on {x^} x 11^, • 

(4) V/i is constant on {x^^ x 11, with value 



Vh{y) 



where 



^ for every y G {x^} x H 
Im h{z) 



/3 = lim inf 



Im 



(4.13) 



Proof. (l)-(3) are immediate. To check the value in (4) apply Theorem l3.2l to the function 
ip ^ S2 defined by equation (|4.2p . By Proposition 14.111 and equation (j4.8p we have 



Vh{y) = Vh{x) 



1-UJ 



a 



l-UJ 



x^ + i 



Since 



(xi+i)(l-Ti) = 2i 



(C + i)(l-w), 



equation (|4.13p follows. 



□ 



5 Julia reduction in V 

G. Julia, in the course of proving his celebrated Lemma in [5], introduced a form of 
reduction for functions in the Pick class and showed that reduction preserves the Pick 
class. His reduction process is analogous to the better-known Schur reduction for func- 
tions in the Schur class, but is associated with boundary points, that is, points on the 
real axis. Julia's reduction was subsequently used extensively by R. Nevanlinna, e.g. in 
\10\ 111]. In the next section we shall apply it to functions in 7^2 having a facial 5-point. 

Recall that, by the (one-variable) Julia-Caratheodory Theorem, if x G M is a i?-point 
for / € "P then / has an angular derivative /'(x) at x. Furthermore, if / is non-constant, 

/'(X) = liminf ^"y("^ = lim "l^^li^l^ > 0. 

z^x Im z y^o+ y 
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Definition 5.1. (1) For any non-constant function f G V and any x G M such that x is 
a -B-point for / we define the reduction of f at x to be the function on IT given by the 
equation 

'^'^ = ~fiz)-f{x)^ nx){z-xy ^^-^^ 

(2) For any g ^V, any x G M and any oq G M, oi > 0, we define the augmentation of 
g at x by ao, ai to be the function / on 11 given by 

^ ^ iz). (5.3) 



f{z)-ao ai{z - x) 

Note that in (1), since /(x) is real and / is non-constant, the denominator f{z) — f{x) 
is non-zero by the maximum principle. Note also that / defined by equation (j5.3p is 
necessarily non-constant, for otherwise 

Im g{z) = const H Im 



ai z — X 

and the last term can be an arbitrarily large negative number for z G IT, contrary to the 
choice of g £ V. 

Reduction and augmentation are of course inverse operations. 

The following is a refinement of Julia's result. 

Theorem 5.4. Let x G M. 

(1) If X is a B-point for a non-constant function / G 'P then the reduction of f at x 
also belongs to V. 

(2) If g G V and oq G M, ai > then the augmentation f of g at x by oq, ai belongs 
to V, has a B-point at x and satisfies f{x) = oq, /'(x) < ai. Moreover 

/'(x) = oi if and only if lim yg{x -\- ly) = 0. 

Proof. Julia proved (1) in the case that / is regular at x (and observed in a footnote that 
it is true slightly more generally). The following proof of the general case is essentially 
due to Nevanlinna [HI pp. 6-9]. 

By the Julia-Caratheodory Theorem / and /' have nontangential limits oq, ai re- 
spectively at X, and oq G M, ai > 0. Moreover, x is a C-point for /, so that 

f {z) = + ai{z - x) + R{z) for z G 11 (5.5) 

where 

lim^ = 0. 

^ntQ Z - X 

Let g be the reduction of / at x, so that 

f{z)-aQ ai[z-x) 

We have 

Im (g{z) - ^ \ = Im {-j^ ) > 0. 
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Let w = {—l)/{z — x), so that w H if and only if z S 11. The last inequality can be 
written 

Im w 

— Im g{z) < . (5-6) 

oi 

Let e G (0, ^vr) and let 

U = {re'^ en:r>0,0<6l<eor7r-e<6l<7r}, V = U\U. 
Notice that z £ U + x if and only if w G U. If w = re'^ E U then 

Im w = rsin0 < r9 < £\w\ 
and so, in view of the relation (|5.6p . 



£\W\ 

- Im g(z) < for all z e U. (5.7) 

ai 

We claim that the same inequality holds for w €V of sufficiently large norm. For 

^^^^ _ fjz) - ap- ai{z - x) R{z) 

ai{z — x){f{z) — ao) ai{z — x){ai{z — x) + R{z)) 

Hence 

, . , . R{z)/{z -x) nt 

[z — x)g[z) = — ; ^, , ,, 77 — )• as z ^ X. 

^ '""^ ' ai(ai +i?(z)/(z -x)) 

Thus, for some tq > 0, 

— Im giz) < \g(z)\ < for all w ^ V, \ w\ > vq. 

ai 

The inequality (|5.7p therefore holds for all w S 11 such that \w\ > rg. 
Define an analytic function F on 11 by 

F{w) =e^3(^) =Qi9{^-iM^ 

We have, for any G 11, 

\F{w)\ =e^^'»(^) =6"^°^ 
and hence, by (|5.7p . whenever \w\ > tq, 

\F{w)\ < e" 



that is, F has at worst exponential growth on 11. We may therefore apply the Phragmen- 
Lindelof Theorem to F on the half-plane {w : Im w > 6} for any 6 > 0. By the inequality 
(j5.6p . if Im w = 6 then — Im g{z) < 5/ai and therefore 



It follows by Phragmen- Lindelof (e.g. [5, p. 218]) that \F\ < e^/"^ on H + iJ. On letting 
5 tend to zero we deduce that \F\ < 1 on 11, and hence that Im (7 > on 11. Thus g V. 
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To prove (2) consider any g £ V, oq G M, oi > and let / be the corresponding 
augmentation of g, so that equation (|5.3p holds. For any y > 0, 



Im /(x + iy) 1 



-Im ao H j- 



1 



y 

oiRe 



^-g{x + [y)^ 



1 - ^aiyg{x + iy) ' 



For any c € (0, oo) and z € C we have 



1 



Re - < c 



2c 



> 



2c 



where D{w,r) denotes the open disk of centre w and radius r. 
Now for any y > we have 



and hence 
It follows that 



Re (1 - iaiyg{x + iy)) = 1 + aiylm g{x + iy) > 1, 



l-miyg{x + iy) i D{\,\). 



Re 



1 - miyg{x + iy) 
and hence, by equation (|5.8p . that 

Im f{x + iy) 



< 1 



< ai for all y > 0. 



Thus a; is a S-point for /. 
For y > we have 



1 



f{x + iy) - ao 



-— ( - + aiy(x + iy) ) . 
ai \y 



Now 



and hence 



Im ( - + aig{x + iy) ) = - + ailm g{x + iy) > -, 

\y J y y 



1 



— ^oo asy^O + . 
|/(x + iy) -aol 

Thus /(x + iy) — > ao as y — )• 0+, which is to say that f{x) = gq. 
Again by equation (j5.3p we have, for y > 0, 

1 



f{x + iy) - ao ai 



iyy(a; + iy). 



(5.8) 



(5.9) 



The left hand side tends to the limit 1/ f'(x) as y — > 0+ and hence the limit of iyy(x + iy) 
exists and is real. Now 



Re iyg{x + iy) = -yim g{x + iy) < 0, 
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and hence _^ ^ ^ 

-— — = h lim ylm g{x + iy) > — . (5.10) 

J [x) ai s/->-o+ ai 

It follows that /'(x) < ai and that f'{x) = ai if and only if 

lim yg{x+\y)=Q. (5-11) 

□ 

Examples of functions g{z) in V for which formula (j5.11|) holds are {z — x)° for 
< a < 1, —{z — x)^" for < a < 1 and log(z — x). Functions in V for which it does 
not hold are —l/{z — x) and — cot(2; — x). Roughly speaking, condition (15. lip rules out 
poles oi g a.i X. 



6 Parametrization theorems 

The first theorem describes the functions in V2 with a prescribed facial i?-point. 

Theorem 6.1. Let xSMxII, ^€M and /3 > 0. The functions /i G 7-'2 such that x is 
a B-point for h, h{x) = and V/i(x) = (/3, 0)"^ are precisely the functions of the form 

h{z)=^+ ^ — (6.2) 

for some function g (zV2 such that 

lim yg(x^ + iy,x'^) = 0. (6.3) 



Proof. Consider a function h of the form ()6.2p for some g as described. For fixed G 11 
it is clear that g{., z'^) is in the one- variable Pick class V and h{.,z'^) is the augmentation 
of g{.,z'^) at by ^, f3. By Theorem [53l2), h{.,z'^) G V, h{.,z'^) has a B-point at x^ 
and 

lim h{x^ + iy, z^) = ^. 
y->0+ 

Since (x^ + iy,z'^) tends to the i?-point {x^,z'^) nontangentially as y — )• 0+ we have 
/i(x^,z^) = ^. Again by Theorem 15.41 the angular derivative of h{.,z'^) at x^ is at most 
/3, and because of equation (j6.3p . when = x^, this angular derivative is exactly j3 at 
x^ It follows that V/i(x) = (/3,0)^. 

Conversely, suppose that x is a i?-point for h €V2, that /i(x) = ^ and that V/i(x) = 
(/3, 0)"^. By Theorem 14.121 all points {x^,w) with G 11 are C-points for h and we 
have h{x^,w) = ^, Vh{x^,w) = (/3,0)"^. For any it; G 11 it follows that h{.,w) is a 
non-constant function in the Pick class, x^ is a C-point for h{.,w) and the value and 
angular derivative of h{.,w) at x^ are ^ and /3 respectively. We may therefore reduce 
h(.,w) at X"^ to obtain g{.,w) G 7-* given by 

. 1 ^ 1 

5(z ,w) = --rn ^ 7 + 



h{z^,w)-C /3(zi -xi)' 

Clearly g is analytic on 11^, and so 5 G 7^2- Now /i is related to g by equation (|6.2p . 
Furthermore, 

p Dih{x^,w) p j/^o+ 
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where Di here denotes the angular derivative in the first variable. Hence 

lim ygix^ + iy, ty) = 

for all tt; G n, and in particular when w = . Thus g satisfies equation (16.30 . □ 

Remark 6.4. The proof shows that for any g G V2-, if € M and \\m.y_^Q^yg{x'^ + 
iy, z^) = holds for some € 11 then it holds for all S 11. 

Remark 6.5. The parametrization formula (|6.2|) . where g is allowed to be a, free function 
in the Pick class parametrizes the solutions of a relaxed one-point interpolation 
problem. That is, in Theorem 16.11 one may omit the condition (j6.3p on g and replace the 
condition Vh{x) = (/3,0) by: Vh{x) = (/3',0) for some /3' < /3. 

We can now invoke Cayley transformation to obtain a parametrization of functions 
in ^2 with prescribed value and gradient at a facial i?-point. 

Theorem 6.6. iei r e T x D, w e T and a > 0. Suppose that 7^ 1, ^ 1. The 
functions f (z S2 such that t is a B-point for 93, that fir) = lo and that Vip{T) = 
(wr^o;, 0)^ are precisely the functions of the form 



where 



and 



h{z)+i 

1 + A-'' 



1 - A^' 



forj = 1,2, 



h{z) = 1^ + i (6. 



where 

^ l-Rer^ 1 .l + T^ 

P = X = 1 T- 

^ l-Rew l-ri 
anc? g is a function in V2 such that 

I 1- 



/1 + -^^ 1 + t2\ 

lim yy 1- T + ly, 1- ^ = 0. (6.9) 

y^0+ \ I — 1 — T^y 



Proof. Consider a function (/9 of the form (j6.7p with /i as described. By Theorem 16.11 we 
have h GV2, 

I 1 2x Al+T^ .1 + 

X = [x ,X j = 



;1-t1' l-r2 
is a i?-point for /i, 

h{x) = i—— — and V/i(x) = ( ^ 
1 — oj \ U 
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It follows that T is a i?-point for ^{t) = u and, by equation (j4.10p 



v.(r) = (:;.:) = (^) vMx) 



w \ ^ 1 — Re r-"^ la 



UJT^ 



J l-Reuj \0 

a 




as required. 

Conversely, if r is a i?-point for ip E 52, if ^{t) = u and Vip{t) = (cjT^a,0)^ then h 
defined by equation (|6.7p belongs to V2, 2; is a i?-point for h and h{x) = i(l +a;)/(l — 
Lo), Vh{x) = {(3,0)'^. We may therefore apply Theorem 16.11 to obtain the parametric 
expression (|6.8p for /i. □ 

Remark 6.10. Again there is a "relaxed" version of the parametrization. In Theo- 
rem 16.61 if one enlarges the class of (p by replacing the condition \/(p{t) = [ujT^a, 0)^ 
by V(^(t) = {iOT^a', 0)^ for some a' with < a' < a, then one obtains the same 
parametrization but without the limit condition (|6.9p on g. 



7 An interpolation problem 

Theorem 13.21 suggests a natural interpolation problem: to describe the functions ip £ S2 
having 5-points at finitely many given points in T x D and D x T and with prescribed 
values of if and V99 at those points. In view of Corollary 13.131 if there are interpolation 
nodes on both types of face then the target values of ip must all be the same, but the 
target values of Vp may differ. The parametrization theorems allow us to solve this 
problem. We state the result for the half-plane version. Taking a slight liberty with 
terminology of D. Sarason, we define 

Problem 5NP7^2 (facial): Given xi, . . . , Xm G M x 11, yi, . . . , y„ G 11 x M for some 
m,n > and ^ G M, /3i,...,/3m > 0,7i,...,7„ > 0, determine whether there exists a 
function h in the two-variable Pick class V2 that satisfies, for j = 1, . . . , m. A; = 1, . . . , n, 

(1) Xj and Uk are B -points for h 

(2) h{x,j) =i = h{yk) and 

(3) Vh{x,)=(^^^y V%fc)=(°J. 

Describe the set of all such functions h when they exist. 

We shall write ei = (1, 0), 62 = (0, 1) for the standard basis in C^. 

Theorem 7.1. Problem dNPV2 (facial) always has infinitely many solutions. The so- 
lution set consists of all functions h expressible in the form 

Hz) = e + , / , for allzeU (7.2) 

for some / G ^2 such that 

lim tf{xj + itei) = = lim tf{yjf + ite2), 1 < j < m, 1 < k < n, (7.3) 
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where 

m ^ n ^ 

/n particular, the function h = ^ + l/(r — c) is a solution of Problem dNPV2 (facial) for 
any c € M. 

Proof. We prove necessity by induction on m + n. The assertion holds trivially if m = 
n = 0, where empty sums are as usual defined to be 0. Suppose m > and that necessity 
holds for m + n — 1. Let h € 7^2 satisfy conditions (l)-(3). By Theorem 16.11 there exists 
g £ V2 such that 

lim tg(xi +itei) = (7.4) 

and 

h{z) = e + — r— TT all -2 ^ n. (7.5) 

Let g = —l/g; then ^ € 7^2, and we claim that X2, ■ ■ ■ , Xm, Vi, ■ ■ ■ iVn are i?-points for g. 
Indeed, by Theorem l3.2l all these points are C-points for /i, and in view of the hypotheses 
(2) and (3) on h, 

h{xj +itei) = ^ + (3jit + o{t), h{yk + ite2) = + Jk^t + o{t) as t — )- + . 
Hence, for j = 2, . . . , m, 

g{xj + itei) = -7^— — 7-T- + 



iPjt + o{t) /3i(x] +it-xj)' 
from which we easily calculate 

^^i^l±^ = /3,+o(l). 

Thus X2, . . . , Xm are i?-points for g, and g{xj) = 0, j = 2 . . . ,m. Likewise yi, . . . ,ym are 
B-points for g, and g takes the value at the yk- Moreover, by Theorem 13.21 

= (^^■) , V~giy,) = 

for J = 2, . . . , m, k = 1, . . . ,n. 

By the inductive hypothesis there exists / € 7^2 such that 

lim f{xj + itei) = = lim f{yk + 1*62) 
for j = 2, . . . , m, k = 1, . . . ,n and 



aiz) = H — ^-^ — JT^ for ah z G n 

ri{z)- fiz) 



where 



m ^ " 1 

n(2) = XI p_.(,i _ + :r7;2~ 



2\ ■ 



i=2 
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9{z) = = f{z)-ri{z). 



Thus 



This relation in conjunction with equation ()7.4p tells us that 

lim tf(xi + itei) = 0, 

so that / satisfies conditions ()7.3p . On substituting for g in equation ()7.5p we obtain 



1 



r(z) -/(.)' 

which is the desired relation (I7.2p . We have proved necessity in Theorem 17.11 

Conversely, suppose that h is expressible in the form (j7.2p . where / € 'P2 satisfies 
conditions ()7.3p . Observe that, for t > 0, 



^ (x) + it - ) ^ 7fc (x j - 
^ + «(!)• 



Hence 



Im h(xj + itei) 1 1 
^ = -Im 



t r{xj + itei) — f{xj + itei) 
1 



Im 



^ + 0(1) - tf{xj + itei 
In view of the relation (17.31). it follows that 



Im /i(xj + itei) n ■ , 
^hm j = l,...,m, 

so that Xj is a i3-point for h and Vh{xj) = (/3j,0)^. Similarly, is a i?-point for h and 
V/i(yfc) = (0,7fe)"^ for A; = 1, . . . ,n. Hence /i satisfies (l)-(3). In particular we can take 
/ to be a real constant c, yielding the solution /i = ^ + l/(r — c). □ 

Remark 7.6. We can also consider a relaxed version of the interpolation problem. 
Problem 5NP7^2 (facial): As Problem dNPV2 (facial), hut with condition (3) replaced 
by 



for some (3^, 7^ such that < /3j < /Sj, < 7^ < 7^. 

The general solution of this relaxed problem is again given by the formula ()7.2p . but 
now without the limit condition (17. 3p on /. 



Do analogous results hold for the polydisk in dimensions greater than 2? They 
may well do, but our methods, depending as they do on the use of models, only give 
analogous statements for those functions which possess models in the sense of Definition 
12.11 (modified appropriately). In dimensions higher than 2 such functions constitute a 
class that is strictly smaller than the Schur class [2]. It is often called the Schur-Agler 
class. 
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